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We investigate how the efficiency of the quantum teleportation protocol is affected when the
qubits involved in the protocol are subjected to noise or decoherence. We study all types of noise
usually encountered in real world implementations of quantum communication protocols, namely,
the bit flip, phase flip (phase damping), depolarizing, and amplitude damping noise. Several realistic
scenarios are studied in which a part or all of the qubits employed in the execution of the quantum
teleportation protocol are subjected to the same or different types of noise. We find noise scenarios
not yet known in which more noise or less entanglement lead to more efficiency. Furthermore, we
show that if noise is unavoidable it is better to subject the qubits to different noise channels in order
to obtain an increase in the efficiency of the protocol.
PACS numbers: 03.65.Ud, 03.67.Bg, 05.40.Fb
I. INTRODUCTION
In quantum mechanics a physical system is described
by its wave function (quantum state), whose knowledge
allows us to make predictions about the odds of the re-
sults of any measurement implemented on the system.
Also, all physical properties associated with the system
are in principle derivable from its wave function. The
goal of the quantum teleportation protocol [1–6] is to
transfer the wave function describing a system in one
location (Alice) to another system in a different place
(Bob), without knowing the wave function. At the end
of the protocol Alice’s system is no longer described by
its original wave function, which now describes Bob’s sys-
tem.
A key ingredient in quantum teleportation is a quan-
tum channel connecting Alice and Bob that is supposed
to be a maximally entangled bipartite pure state [1–6].
However, in any realistic implementation of the protocol
noise is inherently present and it affects the entangled
state during its transmission to Alice and Bob. The main
effect of noise is to turn pure states into mixed ones. A
standard solution to overcome the effects of noise is called
entanglement distillation [7], where several copies of non-
maximally entangled mixed states are needed to “distill”
a pure one via local operations and classical communica-
tion (LOCC).
Another important strategy to overcome this limita-
tion is based on the direct use of the quantum channel
connecting Alice and Bob [8–12, 16, 17], without resort-
ing to distillation techniques, in which modifications in
the standard teleportation protocol are made to maxi-
mize its performance. The formal solution to the optimal
protocol when the most general quantum operations are
allowed is given in Ref. [12]. However, it is not, in gen-
eral, an easy experimental task to implement the optimal
quantum operations, and more feasible options leading to
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an enhancement in the performance of the standard tele-
portation protocol are desired [13–17].
In this paper we present a strategy to improve the effi-
ciency of the teleportation protocol when both the qubit
to be teleported and the quantum channel are subjected
to noise. Our strategy consists of minimalistic modifica-
tions in the standard teleportation protocol and an addi-
tional ingredient, the cheapest one, namely, more noise.
We want to take advantage of the inevitable fact that
noise is always present in any real world implementa-
tion of quantum communication protocols. We want to
beat the decrease in the efficiency of the protocol due
to noise with noise. Indeed, we show for several realis-
tic situations that it is possible by adding more noise or
by choosing the right noisy environment to increase sub-
stantially the performance of the quantum teleportation
protocol when compared to the less noisy case.
In order to be as general as possible, we analyze the
most common noise channels one usually encounters in
the laboratory as well as many scenarios in which one,
two, or all three qubits employed in the teleportation
protocol are acted by noise. We show several cases in
which more noise, less entanglement, or different noise
acting on different qubits can enhance the efficiency of
the teleportation protocol (Sec. V). We also show that
different channels with initially the same amount of en-
tanglement give different efficiencies when subjected to
the same type of noise (Sec. VI). The physical ideas and
mathematical formalism needed to understand those re-
sults are given in the first part of this paper, Secs. II,
III, and IV, where we present, respectively, the standard
teleportation protocol in the density matrix formalism,
list all noise channels we use and explain how they affect
the qubits of the protocol, and show how to compute its
efficiency in an input-state-independent way.
II. QUANTUM TELEPORTATION PROTOCOL
In what follows we present the standard teleportation
protocol [1] in the density matrix formalism. This for-
2malism allows us to easily implement the quantum op-
erations representing the several kinds of noise that may
affect the qubits involved in the protocol.
The qubit to be teleported from Alice to Bob, hereafter
called input qubit, is given by |ψ〉 = a|0〉 + b|1〉, with
|a|2 + |b|2 = 1. Its density matrix is
ρin = |ψ〉〈ψ| =
( |a|2 ab∗
a∗b |b|2
)
, (1)
where the subscript inmeans “input” and ∗ denotes com-
plex conjugation. The quantum channel shared between
Alice and Bob is |Bθ1〉 = cos θ|00〉+sin θ|11〉 and its den-
sity matrix in the base {|00〉, |01〉, |10〉, |11〉} is
ρch = |Bθ1〉〈Bθ1 | =


cos2 θ 0 0 sin θ cos θ
0 0 0 0
0 0 0 0
sin θ cos θ 0 0 sin2 θ

 . (2)
Here the subscript ch means “channel”, the first qubit
is with Alice, and the second one with Bob. Note that
when θ = π/4 we have the Bell state |Φ+〉, a maximally
entangled state whose entanglement can be quantified
by the entanglement monotone called concurrence (C)
[18]. C ∈ [0, 1] and in the present case it is equal to
C = | sin(2θ)|. Note that we do not set θ to a predeter-
mined value since it will be a free parameter that one can
adjust to maximize the efficiency of the noisy teleporta-
tion protocol.
In order to start describing the protocol we also need to
define a set of four orthonormal states onto which Alice
will project the qubits with her,
|Bϕ1 〉 = cosϕ|00〉+ sinϕ|11〉, (3)
|Bϕ2 〉 = sinϕ|00〉 − cosϕ|11〉, (4)
|Bϕ3 〉 = cosϕ|01〉+ sinϕ|10〉, (5)
|Bϕ4 〉 = sinϕ|01〉 − cosϕ|10〉. (6)
When ϕ = π/4 we recover the four Bell states, namely,
|Φ+〉, |Φ−〉, |Ψ+〉, and |Ψ−〉. Here we also let ϕ be a free
parameter that will be chosen in order to optimize the
efficiency of the teleportation. Using these four states we
can define the projectors associated with the projective
measurements that Alice implements in the execution of
the protocol [19],
Pϕj = |Bϕj 〉〈Bϕj |, j = 1, 2, 3, 4. (7)
Let us now start describing the teleportation protocol
[1] in the density matrix formalism. The initial total state
describing the three qubits before any quantum operation
is implemented is given by
ρ = ρin ⊗ ρch. (8)
The first step of the protocol consists of Alice making a
projective measurement on her two qubits, namely, the
input state and her share of the entangled channel. These
qubits are projected onto the basis {|Bϕj 〉}. After this
measurement the total state (8) changes to
ρ˜j =
Pϕj ρP
ϕ
j
Tr[Pϕj ρ]
, (9)
where Tr means the trace operation. The probability of
occurrence of a particular ρ˜j is
Qj = Tr[P
ϕ
j ρ]. (10)
In the next step of the protocol Alice informs Bob of
which |Bϕj 〉 she measured. With this information Bob
knows that his state is now given by
ρ˜
Bj
= Tr12[ρ˜j ] =
Tr12[P
ϕ
j ρP
ϕ
j ]
Qj
, (11)
in which Tr12 means the partial trace on qubits 1 and 2,
the ones with Alice.
The protocol ends with Bob implementing a unitary
operation Uj on his state. Thus, the final state with Bob
is
ρ
Bj
= Uj ρ˜BjU
†
j =
UjTr12[P
ϕ
j ρP
ϕ
j ]U
†
j
Qj
. (12)
The unitary correction that Bob must implement to finish
the protocol depends not only on the measurement result
of Alice but also on the quantum channel used in the pro-
tocol. For the present case, where ρch is given by Eq. (2),
U1 = 1, with 1 the identity matrix, U2 = σz , U3 = σx,
and U4 = σzσx, with σz and σx being the standard Pauli
matrices.
It is worth mentioning that whenever θ = ϕ = π/4
we recover the standard teleportation protocol [1], where
Qj = 1/4 and ρBj = ρin for any j. For different values of
θ and ϕ, or when noise acts on the quantum channel, Qj
depends on the input state [8] and an averaging over all
possible input states is needed to estimate the efficiency
of the protocol in an input-state-independent way (see
Sec. IV).
III. MODELING THE NOISE
The interaction of a noisy environment with a qubit
can be represented by a quantum operation acting only
on the Hilbert space associated with the qubit if we use
the operator-sum representation formalism [20, 21]. The
operators Ek representing a certain type of noise are usu-
ally called Kraus operators and for trace preserving op-
erations (conservation of probability) they satisfy the fol-
lowing condition,
n∑
j=1
E†jEj = 1, (13)
where for a qubit 1 ≤ n ≤ 4 and 1 is the identity matrix
acting on the qubit’s Hilbert space. The action of the
3noise on the qubit k, described by the density matrix ρk,
is
ρk → ̺k =
n∑
j=1
EjρkE
†
j . (14)
In this work we will be dealing with four different types
of noise that may act on a qubit, those we usually find in
any realistic modeling of a noisy environment. We also
assume that each qubit in the teleportation protocol is
acted by noise in an independent way. A brief description
of the physical meaning of each kind of noise as well as
its Kraus operators are given below. More details can be
found in Refs. [20, 21].
A. Bit flip
The bit flip noise changes the state of a qubit from |0〉
to |1〉 or from |1〉 to |0〉 with probability p and appears
frequently in the theory of quantum error correction. Its
Kraus operators are
E1 =
√
1− p 1, E2 = √p σx. (15)
B. Phase flip or phase damping
The phase flip noise changes the phase of the qubit
|1〉 to −|1〉 with probability p and it is described by the
following Kraus operators,
E1 =
√
1− p 1, E2 = √p σz . (16)
The phase flip operation is equivalent to the phase damp-
ing, a noise process considered genuinely quantum, de-
scribing the loss of information in a quantum state with-
out energy loss [21]. It is the paradigmatic modeling of
decoherence, since the phase damping noise destroys the
quantum superposition of a given qubit, bringing to zero
the off-diagonal elements of the density matrix.
C. Depolarizing noise
This important type of noise takes a qubit and replaces
it with a completely mixed state 1/2 with probability
p. It can be thought of as a “white noise”, bringing
any density matrix to the completely unpolarized state
(〈σx〉 = 〈σy〉 = 〈σz〉 = 0). Its Kraus operators are
E1 =
√
1− 3p/4 1, E2 =
√
p/4 σx, (17)
E3 =
√
p/4 σy , E4 =
√
p/4 σz . (18)
D. Amplitude damping
The process of amplitude damping is important in
modeling energy dissipation in several quantum systems
and its Kraus operators are
E1 =
(
1 0
0
√
1− p
)
, E2 =
(
0
√
p
0 0
)
. (19)
The quantity p can be seen as the decay probability from
the excited to the ground state for a two-level system.
For certain specific decoherence models one gets p = 1−
e−t/T , with t the time and T the characteristic time of
the decoherence process.
E. Noisy teleportation protocol
The total density matrix describing the initial state,
Eq. (8), will change according to the types of noise that
each qubit is independently subjected to. The density
matrix after the action of the three sources of noise is
obtained by successively applying Eq. (14) to each one of
the qubits,
̺ =
n
I∑
i=1
Ei(pI )

 nA∑
j=1
Fj(pA)
( n
B∑
k=1
Gk(pB )ρG
†
k(pB )
)
F †j (pA)

E†i (pI ) =
n
I∑
i=1
n
A∑
j=1
n
B∑
k=1
Eijk(pI , pA , pB)ρE
†
ijk(pI , pA , pB ), (20)
where Eijk(pI , pA , pB) = Ei(pI ) ⊗ Fj(pA) ⊗Gk(pB ). Here
Ei(pI ) = Ei(pI ) ⊗ 1 ⊗ 1, Fj(pA) = 1 ⊗ Fj(pA) ⊗ 1, and
Gk(pB ) = 1 ⊗ 1 ⊗ Gk(pB ) are, respectively, the Kraus
operators associated with the kind of noise acting on the
input qubit, Alice’s qubit of the entangled channel, and
Bob’s qubit of the entangled channel. In the general case,
different noises can act during different times (probabil-
ities) and that is why we make explicit the dependence
of the Kraus operators on p
I
, p
A
, and p
B
. By using the
density matrix ̺, Eq. (20), in Eqs. (9) to (12) we get the
relevant quantities needed to analyze the quantum tele-
portation protocol when noise is present. And if we set
p
I
= p
A
= p
B
= 0 we recover the noiseless case.
4IV. EFFICIENCY OF THE NOISY PROTOCOL
The figure of merit used here to quantify the efficiency
of the protocol is the fidelity [22]. Since the benchmark
state (input state) is initially pure, the fidelity can be
written as
Fj = Tr[ρin̺Bj ] = 〈ψ|̺Bj |ψ〉, (21)
where ̺
Bj
is given by Eq. (12) with ρ replaced by the
noisy state ̺. The fidelity ranges from zero to one and its
maximal value occurs whenever the output (̺
Bj
) is equal
(up to an irrelevant global phase) to the input state (|ψ〉)
and it is zero when the two states are orthogonal.
In order to take into account the fact that each state
̺
Bj
may occur with different probabilities, we define the
average fidelity as
F =
4∑
j=1
QjFj , (22)
with Qj , Eq. (10), being the probability of Bob getting
the state ̺
Bj
.
When noise is present, or when we have non-maximally
entangled channels [8], F depends on the input state ρin.
Therefore, in order to quantify the efficiency of the pro-
tocol in a way that is independent of a particular input
state, we have to assume a probability distribution P
for the pool of input states available to Alice. Here we
assume a uniform distribution, i.e., any qubit is equally
probable to be picked as an input state in the teleporta-
tion protocol.
Being more specific, let us write without loss of gener-
ality an arbitrary qubit as
|ψ〉 = |a||0〉+ |b|eic|1〉, (23)
where |a| and |b| are absolute values of a and b, and c is
a real number representing the relative phase between a
and b. State (23) is equivalent to a|0〉+b|1〉 for they only
differ by a global phase with no physical significance.
Since |a|2 + |b|2 = 1, we can choose |a|2 and c as our
independent variables and write P(|a|2, c) for the chance
of obtaining a qubit with relative phase c and having
probability |a|2 of being detected in the state |0〉. Note
that c ∈ [0, 2π] and 0 ≤ |a|2 ≤ 1. The normalization
condition for the probability density P(|a|2, c) is∫ 2pi
0
∫ 1
0
P(|a|2, c)d|a|2dc = 1, (24)
and by assuming a uniform probability distribution,
P(|a|2, c) = constant, we immediately get
P(|a|2, c) = 1
2π
. (25)
Noting that the average value 〈f〉 of any function of
|a|2 and c is ∫ 2pi
0
∫ 1
0
f(|a|2, c)P(|a|2, c)d|a|2dc, we define
〈F 〉 =
∫ 2pi
0
∫ 1
0
F (|a|2, c)P(|a|2, c)d|a|2dc, (26)
as the input state independent quantifier for the efficiency
of the noisy teleportation protocol. Here F (|a|2, c) is
given by Eq. (22) and P(|a|2, c) by Eq. (25).
V. RESULTS
A. Noise in Alice’s input qubit
Assuming for the moment that the quantum channel is
protected from noise (p
A
= p
B
= 0) while the input state
lies in a noisy environment (p
I
6= 0) as described in Sec.
III, the average fidelity, Eq. (26), for each type of noise
can be written as
〈F
BF
〉 = 2
3
[
1− pI
2
+
1− p
I
2
sin(2θ) sin(2ϕ)
]
, (27)
〈F
PhF
〉 = 2
3
[
1 +
1− 2p
I
2
sin(2θ) sin(2ϕ)
]
, (28)
〈F
D
〉 = 2
3
[
1− pI
4
+
1− p
I
2
sin(2θ) sin(2ϕ)
]
, (29)
〈F
AD
〉 = 2
3
[
1− pI
4
+
1
2
√
1− p
I
sin(2θ) sin(2ϕ)
]
.(30)
The subscripts in the left hand side of Eqs. (27) to (30)
represent the particular type of noise that the input state
is subjected to, i.e., BF → Bit Flip, PhF → Phase Flip,
D → Depolarizing, and AD → Amplitude Damping.
The first thing worth noticing analyzing Eqs. (27)
to (30) is that for all of them but 〈F
PhF
〉 the opti-
mal θ and ϕ are such that θ = ϕ = ±π/4. This is
true because 1 − p
I
≥ 0 and the maximum is obtained
if sin(2θ) sin(2ϕ) = 1. In the expression for 〈F
PhF
〉,
however, sin(2θ) sin(2ϕ) is multiplied by 1 − 2p
I
, which
changes sign at p
I
= 1/2. Thus, for p
I
< 1/2 the optimal
settings are θ = ϕ = ±π/4 while for p
I
> 1/2 we have
θ = −ϕ = ±π/4. This means that if the input qubit
is subjected to the phase flip noise for a considerable
amount of time (p
I
> 1/2), Alice can counterattack and
improve the efficiency of the teleportation protocol by
changing the measuring basis (ϕ → −ϕ). Alternatively,
Alice can keep using the original measuring basis and ei-
ther she or Bob applies a σz operation to the channel,
changing it from |Bθ1〉 to |B−θ1 〉.
Using the above optimal settings, Eqs. (27) to (30)
simplify to
〈F
BF
〉 = 1− 2pI
3
, (31)
〈F
PhF
〉 = 2
3
+
|1− 2p
I
|
3
, (32)
〈F
D
〉 = 1− pI
2
, (33)
〈F
AD
〉 = 2
3
− pI
6
+
1
3
√
1− p
I
. (34)
Looking at Fig. 1, where we plot Eqs. (31)-(34), we
see that the bit flip noise is the most severe noise for all
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FIG. 1: (color online) Efficiency of the teleportation protocol
when only the input qubit is affected by a noisy environment,
with p
I
representing the probability for the noise to act on
the qubit. The dashed line, 〈F 〉 = 2/3, marks the value be-
low which classical protocols (no entanglement) give the same
efficiency [23].
values of pI and that for 0 ≤ pI ≤ 1/2 the phase flip noise
is as bad as the bit flip noise. On the other hand, from
p
I
= 0 to p
I
≈ 0.6, the amplitude damping is the least
severe noise, followed by the depolarizing channel. For
high values of p
I
, the phase flip noise gives the greatest
average fidelity.
Let us now investigate what happens if one of the
qubits belonging to the quantum channel is also sub-
jected to noise. For definiteness we choose Bob’s qubit,
in addition to the input qubit, to lie in a noisy environ-
ment. However, it is not difficult to show that the same
results follow if we choose Alice’s qubit of the quantum
channel. We also introduce the following notation in or-
der to make it clear which qubits are subjected to noise.
In the present case the optimal efficiency of the protocol,
Eq. (26), is written as 〈F
X,∅,Y
〉, where the first subindex
means that the input qubit is acted by noise X , the sec-
ond one denotes that Alice’s qubit of the quantum chan-
nel is not acted by noise, and the third subindex means
that Bob’s qubit is acted by noise Y . Here X and Y can
be any one of the four kinds of noise described previously.
We start studying the case where the input qubit is
always subjected to the bit flip noise while Bob’s qubit
may lie in one of the four different types of noisy environ-
ments given in Sec. III. The optimal efficiencies in those
four cases are
〈F
BF,∅,BF
〉 = 1− 2
3
(p
I
+ p
B
− 2p
I
p
B
), (35)
〈F
BF,∅,PhF
〉 = 2
3
− 1
3
[p
I
− (1 − p
I
)|1− 2p
B
|], (36)
〈F
BF,∅,D
〉 = 1− pB
2
− 2
3
p
I
(1− p
B
), (37)
〈F
BF,∅,AD
〉 = 2
3
− 1
3
[
p
I
+
p
B
2
(1− 2p
I
)(1− cos(2θ))
−(1− p
I
)
√
1− p
B
sin(2θ)
]
, (38)
where the optimal parameters leading to Eqs. (35) and
(37) are θ = ϕ = ±π/4 and to Eq. (36) are θ = ϕ = ±π/4
for p
B
< 1/2 and θ = −ϕ = ±π/4 when p
B
> 1/2. In
Eq. (38) we have ϕ = π/4 and the optimal θ given by the
solution to d〈F
BF,∅,AD
〉/dθ = 0, namely,
tan(2θ) =
2(1− p
I
)
√
1− p
B
p
B
(1− 2p
I
)
, (39)
such that sin(2θ) > 0, cos(2θ) > 0 for p
I
< 1/2, and
cos(2θ) < 0 for p
I
> 1/2.
An interesting result worth mentioning here is that we
have a scenario where less entanglement means more ef-
ficiency. This happens when Bob’s qubit is subjected to
the amplitude damping noise (Eq. (38)), which was first
noticed in Ref. [16] when the input state is always pure.
Here we show that even if the input state is mixed we
still have the same feature. We can see that less entan-
glement means more efficiency looking at Eq. (39), which
tells us that the optimal θ is π/4, the only solution mean-
ing an initially maximally entangled channel, only when
p
B
= 0. For any other value of p
B
the optimal θ is not
π/4. Hence, whenever p
B
6= 0, less entanglement leads
to a better performance for the teleportation protocol in
this case.
In Fig. 2 we plot Eqs. (35) to (38) as a function of
p
B
for several values of p
I
. Looking at the two bottom
panels of Fig. 2 we see another interesting and surpris-
ing result. Whenever p
I
> 0.5 we have a scenario where
more noise means more efficiency. Indeed, for p
I
> 0.5
we can see that 〈F
BF,∅,∅
〉 (solid-black curve) is below
the classical limit (dashed curve) for all values of p
B
(the
quantum teleportation protocol is useless in this situa-
tion). However, by adding more noise to the protocol,
i.e., by putting Bob’s qubit in a noisy environment de-
scribed by the bit flip map, we can increase the efficiency
of the protocol and surpass the 2/3 limit for p
B
> 0.5.
This is illustrated looking at the curve for 〈F
BF,∅,BF
〉,
the red-circle curve in Fig. 2. On the other hand, for
p
I
< 0.5 the bit flip noise when acting on Bob’s qubit
always decreases the efficiency of the protocol.
It is worth mentioning that a similar fact occurs when
the input qubit is not subjected to noise but the two
qubits of the quantum channel are. In this scenario Ref.
[17] shows that when both qubits of the channel are sub-
jected to the amplitude damping noise we have a better
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FIG. 2: (color online) Efficiency of the teleportation protocol
when both the input qubit (p
I
) and Bob’s qubit (p
B
) are af-
fected by a noisy environment. The dashed line, 〈F 〉 = 2/3,
marks the value below which classical protocols (no entangle-
ment) give the same efficiency [23]. Here the input qubit is
always subjected to the bit flip (BF ) noise while Bob’s qubit
may suffer from several types of noise.
performance than the case where only one of the qubits
of the channel is acted by this type of noise.
Another interesting scenario happens when noise is un-
avoidable but Bob can choose the noisy environment in
which he keeps his qubit during the execution of the tele-
portation protocol. In this case the optimal noise de-
pends in a non-trivial way on the values of p
I
and p
B
.
For example, when p
I
< 0.3 the protocol achieves a bet-
ter performance if Bob’s qubit is subjected to the ampli-
tude damping noise whenever p
B
does not exceed ≈ 0.6.
However, if p
B
is greater than ≈ 0.6 we get a better result
if Bob’s qubit is subjected to the phase flip noise (see the
top panels of Fig. 2).
Let us now move to the case where the input qubit is
always subjected to the phase flip noise while Bob’s qubit
can suffer any one of the four kinds of noise given in Sec.
III. The optimal efficiencies are now
〈F
PhF,∅,PhF
〉 = 2
3
[
1 +
|(1 − 2p
I
)(1 − 2p
B
)|
2
]
, (40)
〈F
PhF,∅,BF
〉 = 2
3
[
1− pB
2
+
|1− 2p
I
|(1− p
B
)
2
]
,(41)
〈F
PhF,∅,D
〉 = 2
3
[
1− pB
4
+
|1− 2p
I
|(1− p
B
)
2
]
,(42)
〈F
PhF,∅,AD
〉 = 2
3
[
1− pB
4
+
p
B
cos(2θ)
4
+
(1− 2p
I
)
√
1− p
B
sin(2θ)
2
]
. (43)
The optimal parameters leading to Eq. (40) are θ = ϕ =
±π/4 if (1 − 2p
I
)(1 − 2p
B
) > 0 and θ = −ϕ = ±π/4 if
(1 − 2p
I
)(1 − 2p
B
) < 0. In Eqs. (41) and (42) we have
θ = ϕ = ±π/4 if (1 − 2p
I
) > 0 and θ = −ϕ = ±π/4
if (1 − 2p
I
) < 0. In Eq. (43) a possible set of optimal
parameters is such that ϕ = π/4 and θ given by the
solution to d〈F
PhF,∅,AD
〉/dθ = 0, i.e,
tan(2θ) =
2(1− 2p
I
)
√
1− p
B
p
B
, (44)
where cos(2θ) > 0, sin(2θ) > 0 if p
I
< 1/2, and sin(2θ) <
0 if p
I
> 1/2. Note that Eq. (44) implies that the greatest
efficiency is achieved with less entanglement whenever
p
B
6= 0.
In Fig. 3 we plot Eqs. (40) to (43) as a function of p
B
for several values of p
I
. Now, contrary to the case where
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FIG. 3: (color online) Efficiency of the teleportation protocol
when both the input qubit (pI ) and Bob’s qubit (pB ) are af-
fected by a noisy environment. The dashed line, 〈F 〉 = 2/3,
marks the value below which classical protocols (no entangle-
ment) give the same efficiency [23]. Here the input qubit is
always subjected to the phase flip (PhF ) noise while Bob’s
qubit may suffer from several types of noise.
the input qubit is subjected to the bit flip noise, the addi-
tion of more noise to the protocol by putting Bob’s qubit
in a noisy environment (p
B
6= 0) does not improve its
efficiency when compared to the noiseless case (p
B
= 0).
However, if noise is inevitable and Bob can choose among
different noise channels, he can improve the efficiency of
the protocol by properly selecting the right noise. His
choice depends on the probability p
B
for the noise to act
on his qubit or, equivalently, on the time his qubit is
subjected to a particular noisy environment. This is il-
lustrated in Fig. 3, where we note that for p
B
ranging
from zero to ≈ 0.6, the best performance is achieved if
Bob’s qubit is subjected to the amplitude damping noise
(orange-star curve). On the other hand, from p
B
≈ 0.6 to
one, it is better to have both the input and Bob’s qubit
subjected to same type of noise (red-circle curve).
We have also investigated the two remaining cases, i.e.,
when the input qubit is subjected either to the depolar-
izing or to the amplitude damping noise. The qualitative
7behavior for the efficiency of the teleportation protocol
are similar to the phase flip noise just described and spe-
cific quantitative details are given in the Appendix.
B. Noise in all Alice’s qubits
We now want to investigate the scenario where all
qubits with Alice are subjected to the same type of noise.
This scenario is relevant, for example, when the telepor-
tation protocol is employed for quantum communication
tasks and it is Alice that generates the input and the en-
tangled channel. In this case the input qubit and Alice’s
share of the entangled state always lie in the same envi-
ronment and are thus subjected to the same type of noise
during the same time span. This latter fact means that
p
I
= p
A
= p. Bob’s qubit, on the other hand, travels from
Alice to Bob and may suffer a different type of noise.
If Alice’s qubits are subjected to the bit flip noise we
have the following optimal efficiencies according to the
noise suffered by Bob’s qubit,
〈F
BF,BF,∅
〉 = 1− 4p(1− p)
3
, (45)
〈F
BF,BF,BF
〉 = 1− 2pB
3
− 4p(1− p)(1 − 2pB)
3
, (46)
〈F
BF,BF,PhF
〉 = 2
3
− 2p(1− p)
3
+
[1− 2p(1− p)]|1 − 2p
B
|
3
, (47)
〈F
BF,BF,D
〉 = 1− pB
2
− 4p(1− p)(1− pB )
3
, (48)
〈F
BF,BF,AD
〉 = 2
3
− pB
6
− 2p(1− p)(1− pB )
3
+
(1 − 2p)2p
B
cos(2θ)
6
+
[1− 2p(1− p)]√1− p
B
sin(2θ)
3
.(49)
The optimal parameters giving Eqs. (45), (46), and (48)
are θ = ϕ = ±π/4 while for Eq. (47) we have θ = ϕ =
±π/4 if p
B
< 1/2 and θ = −ϕ = ±π/4 if p
B
> 1/2. In
Eq. (49) a possible set of optimal parameters are ϕ = π/4
with θ given by
tan(2θ) =
2[1− 2p(1− p)]√1− p
B
(1− 2p)2p
B
, (50)
where cos(2θ) > 0 and sin(2θ) > 0.
In Fig. 4 we plot Eqs. (45) to (49) as a function of
p
B
for several values of p. The first thing we note is
that the addition of more noise does not improve the
efficiency of the protocol (no curve crosses the solid-black
one). This is in contrast to the case where only the input
qubit is affected by the bit flip noise and we put Bob’s
qubit in a noisy environment too (Fig. 2). Second, if
noise is unavoidable Bob can improve the efficiency of the
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FIG. 4: (color online) Efficiency of the teleportation protocol
when Alice’s qubits suffer the bit flip noise (p
I
= p
A
= p) and
Bob’s qubit (pB ) are affected by several types of noise. The
dashed line, 〈F 〉 = 2/3, marks the value below which classical
protocols (no entanglement) give the same efficiency [23].
protocol by selecting the right noise channel according to
the values of p and p
B
.
We also studied the cases where Alice’s qubits are af-
fected by the other three types of noise and we found that
the qualitative behavior of all those cases are similar to
what is shown in Fig. 4. Indeed, we did not find any
situation in which more noise (allowing Bob’s qubit to
be acted by noise) improves the overall efficiency. How-
ever, for all three cases we noted that whenever Bob’s
noise channel differs from Alice’s we may have signifi-
cant improvement in the efficiency of the protocol. In
particular, if Bob’s qubit is subjected to the amplitude
damping noise we achieve the best performance for low
values of p
B
. For high values of p
B
, on the other hand,
the phase flip channel is the one furnishing the best per-
formance. Finally, when the amplitude damping channel
acts on at least one qubit we have observed the same
trend described before concerning the degree of entan-
glement of the optimal quantum channel, namely, less
entanglement means better performance.
C. Noise in the quantum channel
Another important case is the one where the channel
qubits are subjected to the same type of noise. This may
occur in the implementation of quantum communication
protocols in which the quantum channel is generated by a
third party symmetrically positioned between Alice and
Bob. In the case where both qubits find similar noisy
environments during their trip to Alice and Bob, they
will be acted by the noise during the same amount of
time, which implies p
A
= p
B
= p. The input qubit, on
the other hand, may suffer a different type of noise.
If the channel qubits are subjected to the bit flip noise
8we have the following optimal efficiencies depending on
the type of noise acting on the input qubit,
〈F
∅,BF,BF
〉 = 1− 4p(1− p)
3
, (51)
〈F
BF,BF,BF
〉 = 1− 2pI
3
− 4(1− 2pI )p(1− p)
3
, (52)
〈F
PhF,BF,BF
〉 = 2
3
− 2p(1− p)
3
+
|1− 2p
I
|[1− 2p(1− p)]
3
, (53)
〈F
D,BF,BF
〉 = 1− pI
2
− 4(1− pI )p(1− p)
3
, (54)
〈F
AD,BF,BF
〉 = 2
3
− pI
6
− 2(1− pI )p(1− p)
3
+
√
1− p
I
[1− 2p(1− p)]
3
. (55)
The optimal parameters giving Eqs. (51), (52), (54), and
(55) are θ = ϕ = ±π/4 and for Eq. (53) we have θ = ϕ =
±π/4 if p
I
< 1/2 and θ = −ϕ = ±π/4 if p
I
> 1/2.
Comparing Eqs. (45)-(49) with Eqs. (51)-(55) we see
that 〈F
BF,BF,X
〉 = 〈F
X,BF,BF
〉, X = ∅, BF, PhF,D,AD,
if p
B
= p
I
and θ = ±π/4 in Eq. (49). This means that the
same analysis and discussions given in the previous sec-
tion apply here. The only quantitative difference occurs
for Eq. (55) since now, contrary to (49), the optimal chan-
nel is a maximally entangled state. However, the qualita-
tive behavior for the efficiency given by Eq. (49) applies
here too, in particular the fact that it is the combination
of noise channels leading to the best performance for low
p
I
whenever p is no greater than ≈ 0.3.
A direct calculation also shows that 〈F
PhF,PhF,X
〉 =
〈F
X,PhF,PhF
〉 and 〈F
D,D,X
〉 = 〈F
X,D,D
〉, X = ∅, BF ,
PhF , D, AD, if p
B
= p
I
and θ = ±π/4 in the ex-
pressions for 〈F
PhF,PhF,AD
〉 and 〈F
D,D,AD
〉. On the other
hand, this symmetry does not hold for 〈F
X,AD,AD
〉. How-
ever, its qualitative behavior still resembles the one for
〈F
AD,AD,X
〉, in the sense that 〈F
AD,AD,AD
〉 gives the best
performance for low p
I
while for high p
I
the best scenario
is 〈F
PhF,AD,AD
〉.
VI. A DIFFERENT QUANTUM CHANNEL
Another aspect affecting the efficiency of the tele-
portation protocol in a noisy environment is related to
the choice of the quantum channel, even if we choose
among those having the same amount of entanglement
[14]. Throughout this article we have employed the gen-
eralized Bell state |Bθ1〉, which reduces to the maximally
entangled Bell state |Φ+〉 when θ = π/4 (see Eq. (3)).
However, if we use the state |Bθ3〉, which approaches the
maximally entangled Bell state |Ψ+〉 as θ → π/4 (see
Eq. (5)), we may get a different efficiency.
For example, studying the case where both qubits of
the quantum channel are acted by the same type of
noise during the same time (p
A
= p
B
= p), and employ-
ing either the quantum channel |Bθ1〉 or |Bθ3〉, we obtain
〈F
∅,X,X
〉
|Bθ
1
〉
= 〈F
∅,X,X
〉
|Bθ
3
〉
for all X = BF,PhF,D but
a different efficiency when X = AD. This last fact is
illustrated in Eqs. (56) and (57),
〈F
∅,AD,AD
〉
|Φ
+
θ
〉
=
2
3
+
(1 − p)[
√
1 + p2 − p]
3
, (56)
〈F
∅,AD,AD
〉
|Ψ+〉
= 1− 2p
3
, (57)
where the optimal parameters giving Eq. (56) are ϕ =
π/4 and tan(2θ) = 1/p, with 0 ≤ θ ≤ π/2, and the
optimal ones leading to Eq. (57) are such that θ = ϕ =
±π/4. It is not difficult to see that 〈F
∅,AD,AD
〉
|Bθ
1
〉
>
〈F
∅,AD,AD
〉
|Bθ
3
〉
for 0 < p ≤ 1. In Fig. 5 we plot Eqs. (56)
and (57) as a function of p.
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FIG. 5: (color online) Efficiency of the teleportation protocol
for different channels subjected to the same noise, namely,
the amplitude damping noise (p
A
= p
B
= p), with the input
qubit in a noiseless environment. The dashed line, 〈F 〉 = 2/3,
marks the value below which classical protocols (no entangle-
ment) give the same efficiency [23].
We can qualitatively understand why we have differ-
ent efficiencies using different Bell states if we note, first,
that |Bθ1〉 is a superposition of |00〉 and |11〉 while |Bθ3〉
is given by the superposition of |01〉 and |10〉 and, sec-
ond, that the amplitude damping channel models energy
dissipation and thus does not affect the ground state |0〉.
With that in mind, we see that both states that make
|Bθ3〉, |01〉 and |10〉, are affected by this type of noise
when it acts on both qubits. For |Bθ1〉, however, only
|11〉 is affected, which makes it more robust for this type
of noise.
VII. CONCLUSION
We studied how the efficiency of the quantum telepor-
tation protocol is affected when the qubits employed in its
execution lie in a noisy environment. In order to model
9the noisy environment we employed the most common
noise channels that one encounters in any realistic imple-
mentation of quantum communication protocols, namely,
the bit flip, phase flip (phase damping), depolarizing,
and amplitude damping channels. We also studied many
noise scenarios where one, two or all three qubits required
for the implementation of the teleportation protocol are
subjected to noise.
The first remarkable result we obtained is related to
the entanglement needed to get the optimal efficiency
when noise is present in both the input qubit and in
the quantum channel. Specifically, we observed a non-
trivial interplay among which quantum channel is used,
its amount of entanglement, and the type of noise act-
ing on it. Indeed, for certain types of quantum channels
acted by the amplitude damping noise, we showed that
less entanglement means more efficiency, a similar be-
havior observed in Ref. [16] when noise acts only on the
channel qubits. For other channels with the same initial
entanglement we showed that this behavior is not seen.
The results given here and in Ref. [16] are a counter-
intuitive fact since for pure state inputs and pure state
channels (no noise) more entanglement leads to more ef-
ficiency.
Second, we showed a scenario where more noise leads
to more efficiency. This fact occurred when the input
qubit, the one to be teleported from Alice to Bob, lies in
a noisy environment described by the bit flip noise and
Bob’s qubit, his share of the entangled channel, is also
affected by this same noise. The efficiency in this case
is considerably greater when compared to the situation
where only the input qubit is subjected to this type of
noise. This kind of behavior was also observed in Ref.
[17] when the channel qubits are subjected to the ampli-
tude damping noise.
Third, when noise is unavoidable but either Alice or
Bob can choose the kind of noise that acts on their qubits,
we showed that the optimal combination of noisy envi-
ronments leading to the highest efficiencies is related in
a non-trivial way to the time (or probability) the qubits
are affected by the noise. In many scenarios we showed
that Alice and Bob should keep their qubits in different
noisy environments in order to get the best performance
for the teleportation protocol. Furthermore, we showed
that sometimes the optimal efficiency is obtained by let-
ting one of the qubits be subjected for a longer time to
noise than the other one.
Fourth, in a noisy environment we showed that the
choice of the quantum channel can affect the efficiency of
the teleportation protocol, even if we deal with channels
having the same amount of entanglement [14]. Being
more specific, we showed that if the quantum channel is
a Bell state and the amplitude damping noise acts on
both qubits of the channel, different Bell states lead to
different performances for the teleportation protocol.
In summary, the main message we can draw from the
results given in this paper, and from the complementary
ones given in Refs. [14, 16, 17], is quite clear: When
noise is taken into account in analyzing the performance
of a quantum communication protocol we should not ex-
pect the optimal settings for the noiseless case to hold
anymore. Moreover, sometimes counterintuitive optimal
settings occur and, therefore, we should always analyze
the types of noise we are going to face in any realistic
implementation of a particular protocol and determine
those optimal settings on a case-by-case basis.
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Appendix
The optimal efficiencies assuming the input qubit is
subjected to the depolarizing noise and Bob’s qubit to
the four different types of noise are
〈F
D,∅,D
〉 = 1− pI
2
− pB(1 − pI )
2
, (A.1)
〈F
D,∅,BF
〉 = 1− pI
2
− 2pB(1− pI )
3
, (A.2)
〈F
D,∅,PhF
〉 = 2
3
− pI
6
+
(1 − p
I
)|1− 2p
B
|
3
, (A.3)
〈F
D,∅,AD
〉 = 2
3
− pI
6
− (1 − pI )pB [1− cos(2θ)]
6
+
(1− p
I
)
√
1− p
B
sin(2θ)
3
. (A.4)
The optimal settings for Eqs. (A.1) and (A.2) are θ =
ϕ = ±π/4, for Eq. (A.3) are θ = ϕ = ±π/4 if p
B
< 1/2
and θ = −ϕ = ±π/4 if p
B
> 1/2, and for Eq. (A.4) we
have ϕ = π/4 and
tan(2θ) =
2
√
1− pB
p
B
, (A.5)
such that sin(2θ) > 0 and cos(2θ) > 0.
In Fig. 6 we illustrate the behavior of Eqs. (A.1) to
(A.4) for a particular value of p
I
. It is worth mentioning
that as we increase the value of p
I
we obtain the same
curves with all points translated to lower values of 〈F 〉.
For values of p
I
greater than ≈ 0.7 we do not have any
curve above the classical 2/3 limit.
Finally, the optimal efficiencies when the input qubit
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FIG. 6: (color online) Efficiency of the teleportation protocol
when both the input qubit (pI ) and Bob’s qubit (pB ) are af-
fected by a noisy environment. The dashed line, 〈F 〉 = 2/3,
marks the value below which classical protocols (no entangle-
ment) give the same efficiency [23]. Here the input qubit is
always subjected to the depolarizing (D) noise while Bob’s
qubit may suffer from several types of noise.
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FIG. 7: (color online) Efficiency of the teleportation protocol
when both the input qubit (p
I
) and Bob’s qubit (p
B
) are af-
fected by a noisy environment. The dashed line, 〈F 〉 = 2/3,
marks the value below which classical protocols (no entangle-
ment) give the same efficiency [23]. Here the input qubit is
always subjected to the amplitude damping (AD) noise while
Bob’s qubit may suffer from several types of noise.
is subjected to the amplitude damping noise are
〈F
AD,∅,AD
〉 = 2
3
− pI
6
− (1− pI )pB [1− cos(2θ)]
6
+
√
(1 − p
I
)(1− p
B
) sin(2θ)
3
, (A.6)
〈F
AD,∅,BF
〉 = 2
3
− pI
6
− (1− pI )pB
3
+
√
1− p
I
(1 − p
B
)
3
, (A.7)
〈F
AD,∅,PhF
〉 = 2
3
− pI
6
+
√
1− p
I
|1− 2p
B
|
3
, (A.8)
〈F
AD,∅,D
〉 = 2
3
− pB
6
+
1− p
B
3
(√
1−p
I
− pI
2
)
. (A.9)
The optimal settings for Eq. (A.6) are ϕ = π/4 and
tan(2θ) =
2
p
B
√
1− pB
1− pI , (A.10)
such that sin(2θ) > 0 and cos(2θ) > 0, for Eqs. (A.7)
and (A.9) are θ = ϕ = ±π/4, and for Eq. (A.8) are
θ = ϕ = ±π/4 if p
B
< 1/2 and θ = −ϕ = ±π/4 if
p
B
> 1/2.
In Fig. 7 we plot Eqs. (A.6) to (A.9) for a specific
value of p
I
. For other values of p
I
we have similar curves
and similar relations among the different curves. For p
I
greater than ≈ 0.9 we do not have any curve crossing the
classical limit.
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